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Pseudo-differential operators on Zn with
applications to discrete fractional integral
operators
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Abstract In this manuscript we provide necessary and sufficient conditions for the
weak(1, p) boundedness, 1 < p < ∞, of discrete Fourier multipliers (Fourier mul-
tipliers on Zn). Our main goal is to apply the results obtained to discrete fractional
integral operators. Discrete versions of the Caldero´n-Vaillancourt Theorem and the
Gohberg Lemma also are proved. MSC2010: 42B15 (primary), 11P05 (secondary).
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1 Introduction
Outline of the paper. In this paper we characterise the weak(1, p)-inequality,
1 < p < ∞, for multipliers on Zn (see (1)). We also prove discrete versions of
the Caldero´n-Vaillancourt Theorem and the Gohberg Lemma for pseudo-differential
operators on Zn. Then we apply our results to certain discrete operators called dis-
crete fractional integral operators. Fourier multipliers on Zn are defined by the inte-
gral representation
tm f (n
′) :=
∫
Tn
ei2pin
′·ξm(ξ )(F f )(ξ )dξ , f ∈ S (Zn), n′ ∈ Zn, (1)
where Tn = [0,1]n, and F : S (Zn) → C∞(Tn) is the discrete Fourier transform,
defined on the discrete Schwartz class by
F f (ξ ) := ∑
n′∈Zn
e−i2pin
′·ξ f (n′). (2)
Same as in the euclidian case, Fourier multipliers on Zn are convolution operators
and they commute with the group of translations {τk}k∈Zn , where τk f = f (·−k). In
(1), the function m is usually called the symbol of the operator tm.
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ℓp-estimates are results of boundedness in ℓp-spaces of suitable linear operators.
Although the Lp-estimates for multipliers onRn, are motivated by its applications to
PDE’s, (see, e.g., Ho¨rmander[13]) ℓp-bounds for multipliers on Zn can be applied to
discrete problems, ones arising from difference equations and others from number
theory (see [18, 20]). Taking this into account, multipliers on Zn have been studied
principally from three sources. The first one and more classical is as elements in the
classic Fourier analysis (see [9, 11]) as well as discrete counterparts of Caldero´n-
Zygmund singular integral operators:
T f (x) =
∫
Rn
k(x− y) f (y)dy, f ∈S (Rn) (3)
where the kernel k is singular on the diagonal. In fact, the discrete counterpart of (3)
is defined by
t f (n′) = ∑
m∈Zn,m6=n′
k(n′−m) f (m), f ∈ S (Zn). (4)
In this case, k(0) = 0,and the symbol of t is given by m := Fk, that is the discrete
Fourier transform of the kernel. A remarkable result proved in [1] shows that the Lp-
boundedness of an operator T implies the ℓp-boundedness of its discrete counterpart
t. The reference [27] includes the same result for the Hilbert transform and the
discrete Hilbert transform.
The second viewpoint, in a more recent context, includes discrete multipliers
as fundamental examples in the theory of pseudo-differential operators on Zn, in-
troduced in Molahajloo[16], and developed in the last years by Catana, Delgado,
Ghaemi, Jamalpour Birgani, Nabizadeh, Rodriguez and Wong in the references
[6, 8, 10, 26], as well as in the fundamental work [20] by L. Botchway, G. Kibiti, and
M. Ruzhansky where the theory has been motivated by its potential applications to
difference equations. In this setting pseudo-differential operators on Zn are defined
by the integral form
tm f (n
′) :=
∫
Tn
ei2pin
′·ξm(n′,ξ )(F f )(ξ )dξ , f ∈S (Zn), n′ ∈ Zn. (5)
The references Rabinovich[22, 23], and Rabinovich and Roch[24, 25] can be think
as predecessor works of this subject. The last approach is centered in particular
cases of discrete multipliers and summarized, for example, in the thesis of L.B.
Pierce [18]. An important type of such operators are called discrete fractional inte-
gral operators, and defined by the expression
Ik,λ+iγ f (n
′) =
∞
∑
m=1
f (n′−mk)
mλ+iγ
, f ∈ S (Z), n′ ∈ Z. (6)
These are discrete analogues of Hardy-Littlewood fractional integral operators of
the form
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I′k,λ+iγ f (x) =
∞∫
1
f (x− yk)
yλ+iγ
dy. (7)
The parameter k is a natural number while 0 < λ ≤ 1 and γ ∈ R. The attention to
ℓp-estimates for the discrete operators Ik,λ+iγ is justified by its nice connections to
important problems in number theory as the Waring problem.We refer the reader to
[19, 32, 12] for a precise discussion in relation with the Hypothesis-K∗ in Waring’s
problem. This conjecture remains unproved for k ≥ 3. Operators as in (6) are mul-
tipliers on Zn in the sense that the symbol associated to a fixed operator Ik,λ+iγ is
given by
mk,λ+iγ(ξ ) =
∞
∑
m=1
e−i2pim
kξ
mλ+iγ
. (8)
Properties of discrete fractional integral operators (and other discrete operators) in
ℓp spaces have been considered in the early works of Stein-Wainger[30, 31, 32], the
thesis of L. B. Pierce[18], Hughes [14], and the references [5, 15] and [19]. In par-
ticular, a result by Ionescu and Wainger[21] establish the ℓp-boundedness of Ik,λ+iγ ,
1 < p < ∞, for λ = 1 and γ 6= 0. The following conjecture is well known in the
setting of discrete fractional integral operators (see [19]).
Conjecture 1. For 0< λ < 1 and k ∈N, Ik,λ extends to a bounded operator from ℓ
q
into ℓp, 1≤ q< p< ∞, if and only if p,q satisfy
• 1
p
≤ 1
q
− 1−λ
k
,
• 1
p
< λ and 1
q
> 1−λ .
We refer the reader to L. B. Pierce [19] where ℓq− ℓp estimates of the following
type have been proved solving important cases of Conjecture 1: estimates of the
following type have been proved solving important partial cases of Conjecture 1:
• 1
p
≤ 1
q
− 1−λα(k) , 1−β (k)< λ < 1,
where the parameters α(k) and β (k) are depending on p,q and k. We refer to [19,
p. 3] for details and to [32] for sharp expressions of such parameters when k = 2.
The case k≥ 4 was treated in [18] by using the circle method of Hardy-Ramanujan-
Littlewood. Let us observe that we have used the order (ℓq, ℓp) instead of (ℓp, ℓq)
used in the previous references.
Main results. In this paper, we determinate those conditions on the symbol m in
order that the operator tm can be extended to a bounded operator from ℓ
1(Zn) into
ℓp,∞(Zn), 1< p< ∞; this means that the following inequality
‖tm f‖ℓp,∞ := sup
α>0
α ·µ{n : |tm f (n)|> α}
1
p ≤C‖ f‖ℓ1 (9)
remains valid for some constant C > 0 and all f ∈ ℓ1. We have denoted by µ the
counting measure on the discrete space Zn. Then we will apply the obtained results
to the operators Ik,λ+iγ . In Theorem 3, we present the following characterisation for
tm in terms of the inverse Fourier transform k := F
−1m of m,
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• tm : ℓ
1(Zn)→ ℓp,∞(Zn) extends to a bounded operator if and only if k :=F−1m∈
ℓp,∞(Zn). Moreover, ‖k‖ℓp,∞ = ‖tm‖B(ℓ1,ℓp,∞).
• tm : ℓ
1(Zn)→ ℓp(Zn) extends to a bounded operator if and only if k := F−1m ∈
ℓp(Zn). Moreover, ‖k‖ℓp = ‖tm‖B(ℓ1,ℓp).
This result is a discrete version of the characterisation for the weak (1, p) inequality
for multipliers on Rn due to Stepanov-Haydy-Littlewood and Sobolev(see [29]). As
a consequence of the previous result we obtain our main result for discrete fractional
integral operators.
Theorem 1. Let us consider 1< p< ∞, k ∈ N, 0< λ < 1, and γ ∈R. Then,
• Ik,λ+iγ is of weak type (1, p), if and only if λ ≥
1
p
.
• Ik,λ+iγ is bounded from ℓ
1 into ℓp if and only if λ > 1
p
.
Let us observe that the second assertion of Theorem 1 show that the Conjecture 1
holds true in the partial case q= 1 and 1< p< ∞ because 1
p
< λ ≤ 1− 1−λ
k
, for all
k ≥ 1.
To determinate sharp conditions for the ℓ2-boundedness of pseudo-differential
operators on Zn we will prove a discrete version of a classical result due to A.
Caldero´n and R. Vaillancourt, to do so our main tool is the following result:
• the L2(Rn)-boundedness of a pseudo-differential operator on Rn, defined by
T f (x) =
∫
Rn
ei2pixξa(x,ξ ) f̂ (ξ )dξ , f ∈ S (Rn), (10)
(here f̂ (ξ ) = (FRn f )(ξ ) =
∫
Rn
eipixξ f (x)dx, denotes the Fourier transform of f )
implies the ℓ2(Zn)-boundedness of its discrete analogue
tm f (n
′) =
∫
Tn
ei2pixξm(n′,ξ )(F f )(ξ )dξ , f ∈ S (Zn), m(n′,ξ ) = a(ξ ,−n′),
(11)
where the symbol a is assumed to be a continuous function.
Consequently, we prove the following theorem.
Theorem 2 (Caldero´n-Vaillancourt, discrete version). Let us assume that tm is a
pseudo-differential operator on Zn. Then, under the condition
|∂ βx ∆
α
ξ m(x,ξ )| ≤Cα ,β (1+ |ξ |)
(|β |−|α |)ρ, 0≤ ρ < 1 (12)
the operator tm extends to a bounded operator on ℓ
2(Zn).
An analogue result to the previous theorem has been proved in the work [20]
by L. Botchway, G. Kibiti, and M. Ruzhansky, where conditions of the type
|∂
β
x m(x,ξ )| ≤ Cβ , |β | ≤ [
n
2
] + 1, are imposed on the symbols in order to obtain
the ℓ2-boundedness of pseudo-differential operators. As an immediate consequence
of the techniques developed in [20] we present the following characterisation for the
ℓ2-compactness of discrete operators:
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• (Gohberg Lemma, discrete version) a pseudo-differential operator tm extends to
a compact operator on ℓ2(Zn) if and only if
limsup
|n′|→∞
sup
ξ∈Tn
|m(n′,ξ )|= 0. (13)
This paper is organized as follows. In the next section we include some preliminaries
and later we prove our main results concerning to multipliers and discrete fractional
operators. We end Section 2 with Remark 1 where we discuss our results in relation
with the Hypothesis K∗ conjectured by Hooley on the Waring problem. Finally, in
Section 3 we prove our discrete versions of the Caldero´n-Vaillancourt theorem and
the Gohberg Lemma.
2 Weak-ℓp estimates for multipliers
In this section we prove our main theorems. However, we recall some basics on
Lebesgue spaces and weak Lebesgue spaces on Zn. For every n ∈ N, we denote by
ℓp(Zn) to the set of complex functions on Zn satisfying
‖ f‖ℓp := ( ∑
n′∈Zn
| f (n′)|p)
1
p < ∞, (14)
if 1 ≤ p < ∞. The weak-ℓp space on Zn, ℓp,∞(Zn), 1 ≤ p < ∞, is defined by those
functions f on Zn satisfying
‖ f‖ℓp,∞ := sup
α>0
αµ{n′ : | f (n′)|> α}
1
p < ∞. (15)
If we fix 0< r < p, we have the following seminorm on ℓp,∞, (see e.g., L. Grafakos
[11], p. 13):
‖ f‖′ℓp,∞ := sup
E⊂Zn,1≤µ(E)<∞
µ(E)
1
p−
1
r ( ∑
n′∈E
| f (n′)|r)
1
r (16)
which satisfies
‖ f‖ℓp,∞ ≤ ‖ f‖
′
ℓp,∞ ≤ (
p
p− r
)
1
r ‖ f‖ℓp,∞. (17)
Now, we start with the following lemma.
Lemma 1. Let us consider the multiplier tm with symbol associated m defined on
Zn. If tm : ℓ
1 → ℓp,∞ is bounded, then k ∈ ℓp,∞ and
‖k‖ℓp,∞ ≤ ‖tm‖B(ℓ1,ℓp,∞) < ∞. (18)
Proof. If tm : ℓ
1 → ℓp,∞ is bounded, we write
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µ{s : |tm f (s)| > α} ≤ (C‖ f‖ℓ1/α)
p, C := ‖tm‖B(ℓ1,ℓp,∞). (19)
In particular, if f = 1{0} is the characteristic function of the set {0}, then tm f =
k ∗ f = k. So, we obtain
µ{s : |tm f (s)| > α}= µ{s : |k(s)|> α} ≤ (C/α)
p, C := ‖tm‖B(ℓ1,ℓp,∞).
Thus, we obtain
‖k‖ℓp,∞ ≤ ‖tm‖B(ℓ1,ℓp,∞) < ∞. (20)
So, we end the proof.
Now, we prove the following theorem.
Theorem 3. Let 1< p< ∞ and let us consider a multiplier tm with associated sym-
bol m. Let us consider the convolution kernel of tm given by the inverse Fourier
transform k := F−1m of m. Then
• tm : ℓ
1(Zn)→ ℓp,∞(Zn) extends to a bounded operator if and only if k :=F−1m∈
ℓp,∞(Zn). Moreover, ‖k‖ℓp,∞ = ‖tm‖B(ℓ1,ℓp,∞).
• tm : ℓ
1(Zn)→ ℓp(Zn) extends to a bounded operator if and only if k := F−1m ∈
ℓp(Zn). Moreover, ‖k‖ℓp = ‖tm‖B(ℓ1,ℓp).
Proof. Let us consider 1< p<∞. In view of Lemma (1), if tm : ℓ
1→ ℓp,∞ is bounded
then
‖k‖ℓp,∞ = ‖F
−1(m)(·)‖ℓp,∞ ≤ ‖tm‖B(ℓ1,ℓp,∞). (21)
So, for the proof, we only need to show that the condition k := F−1m ∈ ℓp,∞(Z)
implies the boundedness of tm from ℓ
1(Zn) into ℓp,∞(Zn). So, let us assume k :=
F−1m ∈ ℓp,∞(Zn). We will show the inequality
‖tm f (n)‖ℓp,∞ ≤C‖ f‖ℓ1 ,C = ‖k‖ℓp,∞, (22)
for every f ∈ ℓ1. But this is consequence of the weak Young inequality, (also called
Hardy-Littlewood-Sobolev inequality)
‖tm f‖ℓp,∞ = ‖k ∗ f‖ℓp,∞ ≤ ‖k‖ℓp,∞‖ f‖ℓ1 (23)
because it implies
‖tm‖B(ℓ1,ℓp,∞) ≤ ‖k‖ℓp,∞. (24)
So, we end the proof for the first item. For the second part, if tm : ℓ
1→ ℓp is bounded,
then
‖tm f‖ℓp ≤ ‖tm‖B(ℓ1,ℓp)‖ f‖ℓ1 . (25)
In particular, if f = 1{0}, tm f = k and we obtain ‖k‖ℓp ≤ ‖tm‖B(ℓ1,ℓp). For the con-
verse assertion, we only need to apply the Young inequality, in fact the estimate
‖tm f‖ℓp = ‖k ∗ f‖ℓp ≤ ‖k‖ℓp‖ f‖ℓ1 (26)
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implies ‖k‖ℓp ≥ ‖tm‖B(ℓ1,ℓp). So, we finish the proof of the theorem.
Now, we apply the above result to the analysis of discrete fractional integral
operators.
Theorem 4. Let us consider 1< p< ∞, k ∈ N, 0< λ ≤ 1, and iγ ∈ iR. Then,
• Ik,λ+iγ is of weak type (1, p), if and only if λ ≥
1
p
.
• Ik,λ+iγ is bounded from ℓ
1 into ℓp, if and only if λ > 1
p
.
Proof. We want to proof the assertion by using Theorem 3. The convolution kernel
of Ik,λ+iγ , which we denote by kk,λ+iγ , is defined on Z by: kk,λ+iγ(m
k) = 1
mλ+iγ
for
m> 0, and kk,λ+iγ(s) = 0 if s 6=m
k for every m> 0. Let us recall that kk,λ+iγ ∈ ℓ
p,∞
if and only if
‖kk,λ+iγ‖ℓp,∞ := sup
α>0
αµ{s ∈ Z : |kk,λ+iγ(s)|> α}
1
p < ∞.
Taking into account that
‖kk,λ+iγ‖ℓp,∞ := sup
α>0
αµ{s ∈ Z : |kk,λ+iγ(s)|> α}
1
p
= sup
α>0
α{mk ∈ Z :m> 0 and
1
mλ
> α}
1
p
= sup
α>0
αµ{mk ∈ Z : m> 0 and m<
1
α
1
λ
}
1
p
and by considering that µ{mk ∈ Z :m> 0 andm< 1
α
1
λ
}= 0, for α > 1, we deduce
the following fact
sup
α>0
αµ{s ∈ Z : |kk,λ+iγ(s)|> α}
1
p = sup
0<α≤1
µ{mk ∈ Z : m> 0 andm<
1
α
1
λ
}
= sup
0<α≤1
α[
1
α
1
λ
]
1
p
where [·] denotes the integer part function. Now, because
sup
0<α≤1
α
[
1
α
1
λ
] 1
p
= sup
0<α≤1
α
1− 1
λ p ≤C < ∞,
if and only if λ p ≥ 1 we finish the proof of the first assertion. Now, for the second
part, let us note that kk,λ+iγ ∈ ℓ
p if and only if λ p > 1. So, by Theorem (3) we end
the proof.
We end this section with the following discussion in relation with the Hypothesis
K∗.
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Remark 1. It was proved in Stein and Wainger[32], that the Hypothesis K∗ conjec-
tured by Hooley, is equivalent to the following fact:
for allλ :
1
2
< λ < 1, for all k ∈ N : mk,λ ∈ L
2k[0,1]. (27)
By using Theorem 1 we can show the following (weak) assertion:
for all λ :
1
2
< λ < 1, for all k ∈ N : k<
1/2
1−λ
, mk,λ ∈ L
2k[0,1]. (28)
In fact, by Theorem 1, for every 1
2
< λ < 1 the operator Ik,λ is weak(1,r
′) where
r′ := 1λ . By Theorem 1 the convolution kernel of Ik,λ , kk,λ = F
−1mk,λ ∈ ℓ
r′,∞. Be-
cause 1< r′ < 2, by the Hardy-Littlewood-Stein inequality, we obtain:
‖mk,λ‖Lr,∞[0,1] ≤C‖kk,λ‖r′,∞. (29)
So, mk,λ ∈ L
r,∞[0,1] and by the embedding Lr,∞[0,1]⊂ Ls[0,1] for s < r = 1
1−λ we
deduce that mk,λ ∈ L
2k[0,1] for k < 1/2
1−λ .
3 Pseudo-differential operators on ℓ2(Zn).
Caldero´n-Vaillancourt Theorem and Gohberg Lemma
In this section we investigate the action of discrete pseudo-differential operators on
ℓ2(Zn). Our starting point is the following result where we show that the bounded-
ness of pseudo-differential operators can be transferred to their discrete analogues.
Theorem 5. Let 1 < p < ∞. If a : Tn×Rn → C is a continuous bounded function
and the pseudo-differential operator
T f (x) =
∫
Rn
ei2pi(x,ξ )a(x,ξ )(FRn f )(ξ )dξ (30)
extends to a bounded operator on L2(Rn), then the discrete pseudo-differential op-
erator
tm f (n
′) :=
∫
Tn
ei2pi(x,ξ )a(x,ξ )(F f )(ξ )dξ , m(n′,ξ ) = a(ξ ,−n′), (31)
also extends to a bounded operator on ℓ2(Zn).Moreover, some constantCp satisfies
‖tm‖B(ℓp(Zn)) ≤Cp‖T‖B(Lp(Rn)).
We begin with the proof of this result by considering the following technical lemma.
Lemma 2. Suppose f is a continuous periodic function on Rn and let {gm} be a se-
quence of uniformly bounded continuous periodic functions on Rn. If gm converges
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pointwise to a function g defined on Rn and εm is a positive sequence of real num-
bers, then
lim
m→∞
ε
n
2
m
∫
Rn
e−εm|x|
2
f (x)gm(x)dx=
∫
Tn
f (x)g(x)dx (32)
provided that εm → 0.
Proof. By using Lemma 3.9 of [33] we have for every m ∈N
I1,m := lim
s→∞
ε
n
2
s
∫
Rn
e−εs|x|
2
f (x)gm(x)dx=
∫
Tn
f (x)gm(x)dx.
Now, taking into account that the sequence {gm} is uniformly bounded, an applica-
tion of the dominated convergence theorem gives
I2,m := lim
m→∞
ε
n
2
s
∫
Rn
e−εs|x|
2
f (x)gm(x)dx= ε
n
2
s
∫
Tn
e−εs|x|
2
f (x)g(x)dx.
So, the limit limm,s→∞ ε
n
2
s
∫
Rn
e−εs|x|
2
f (x)gm(x)dx there exists and can be computed
from iterated limits in the following way
lim
m,s→∞
ε
n
2
s
∫
Rn
e−εs|x|
2
f (x)gm(x)dx= lim
m→∞
I1,m =
∫
Tn
f (x)g(x)dx,
where in the last line we have use the dominated convergence theorem. Conse-
quently we obtain
lim
m→∞
ε
n
2
m
∫
Rn
e−εm|x|
2
f (x)gm(x)dx=
∫
Tn
f (x)g(x)dx.
So, we finish the proof.
Proof. Our proof consists of several steps. First, we will show that the L2(Rn)-
boundedness of T implies the L2(Tn)-boundedness of the periodic pseudo-differential
operator
A f (x) = ∑
ξ∈Tn
ei2pix·ξa(x,ξ )(FTn f )(ξ ), f ∈ D(T
n). (33)
where FTn f (ξ ) =
∫
Tn
ei2pi(x,ξ ) f (x)dx, is the periodic Fourier transform of f . Later
we will prove that the L2(Tn)-boundedness of A implies the ℓ2(Zn)-boundedness of
tm.
Now, let us assume that P and Q are trigonometric polynomials. For every δ > 0
let us denote by wδ (x) = e
−δ |x|2 . So, if ε,α,β > 0 and α +β = 1 let us note that
lim
ε→0
ε
n
2
∫
Rn
T (Pwεα)Q(x)wεβdx= (pi/β )
n/2
∫
Tn
(AP)(x)Q(x)dx. (34)
By linearity we only need to prove (34) when P(x) = ei2pimx and Q(x) = ei2pikx for k
and m in Zn. The right hand side of (34) can be computed as follows,
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∫
Tn
(AP)(x)Q(x)dx=
∫
Tn
(
∑
ξ
ei2pi(x,ξ )a(x,ξ )δm,ξ
)
Q(x)dx
=
∫
Tn
ei2pi(x,m)a(x,m)Q(x)dx=
∫
Tn
ei2pi(x,m)−i2pikxa(x,m)dx.
Now, we compute the left hand side of (34). Taking under consideration that the
euclidean Fourier transform of P(x)wαε is given by
FRn(Pwαε )(ξ ) = (αε)
− n2 e−|ξ−m|
2/αε , (35)
by the Fubini theorem we have∫
Rn
T (Pwεα)Q(x)wεβ (x)dx=
∫
Rn
∫
Rn
ei2pi(x,ξ )a(x,ξ )(αε)−
n
2 e−|ξ−m|
2/αεQ(x)wεβ (x)dξdx
=
∫
Rn
∫
Rn
ei2pi(x,ξ )−i2pikxe−piεβ |x|
2
a(x,ξ )dx(αε)−
n
2 e−|ξ−m|
2/αεdξ
=
∫
Rn
∫
Rn
ei2pi(x,(αε)
1
2 η+m)−i2pikxa(x,(αε)
1
2 η +m)e−piεβ |x|
2
dxe−|η|
2
dη .
So, we have
lim
ε→0
εn/2
∫
Rn
T (Pwεα)Q(x)wεβ (x)dx= lim
ε→0
β−
n
2 (β ε)n/2
∫
Rn
T (Pwεα )Q(x)wεβ (x)dx
= lim
ε→0
β−
n
2 (β ε)n/2
∫
Rn
∫
Rn
ei2pi(x,(αε)
1
2 η+m)−i2pikxa(x,(αε)
1
2 η +m)e−piεβ |x|
2
dx · e−|η|
2
dη .
By Lemma (2), we have
lim
ε→0
(β ε)n/2
∫
Rn
ei2pi(x,(α/β )
1
2 (β ε)
1
2 η+m)e−i2pikxa(x,(αε)
1
2 η +m)e−piεβ |x|
2
dx
=
∫
Tn
ei2pi(x,m)−i2pikxa(x,m)dx.
Taking into account that
∫
Rn
e−|η|
2
dη = pin/2, and that a is a continuous bounded
function, by the dominated convergence theorem we have
lim
ε→0
εn/2
∫
Rn
T (Pwεα )Q(x)wεβ (x)dx= (pi/β )
n/2
∫
Tn
ei2pi(x,m)−i2pikxa(x,m)dx.
If we assume that T is a bounded linear operator on L2(Rn), then the restriction of
A to trigonometric polynomials is a bounded operators on L2(Tn). In fact, if α = 1
2
and β = 1
2
we obtain
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‖AP‖L2(Tn) = sup
‖Q‖
L2(Tn)
=1
∣∣∣∣∫
Tn
(AP)(x)Q(x)dx
∣∣∣∣
= sup
‖Q‖
L2(Tn)
=1
lim
ε→0
εn/2(
1
pi2
)n/2
∣∣∣∣∫
Rn
T (Pwεα )Q(x)wεβ (x)dx
∣∣∣∣
≤ sup
‖Q‖
L2(Tn)
=1
lim
ε→0
εn/2(
1
pi2
)n/2‖T‖
B(L2)‖Pwε/2‖L2(Rn)‖Qwε/2‖L2(Tn)
≤ sup
‖Q‖
L2(Tn)
=1
‖T‖
B(L2) lim
ε→0
(
1
pi2
)n/2
(
εn/2
∫
Rn
|P(x)|2e−piε|x|
2
dx
) 1
2
×
(
εn/2
∫
Rn
|Q(x)|2e−piε|x|
2
dx
) 1
2
≤ sup
‖Q‖
L2(Tn)
=1
‖T‖
B(L2)(
1
pi2
)n/2
(∫
Tn
|P(x)|2dx
) 1
2
(∫
Tn
|Q(x)|2dx
) 1
2
= ‖T‖
B(L2)(
1
pi2
)n/2‖P‖L2(Tn).
Because the restriction of A to trigonometric polynomials is a bounded operator
on L2(Tn) this restriction admits a unique bounded extension on L2(Tn). Now, by
equation (4.4) of Theorem 4.1 of [20] we have the identity
tm = F
−1A∗F , m(n′,ξ ) = a(ξ ,−n′). (36)
Because, F : ℓ2(Zn) → L2(Tn) extends to an isomorphism of Hilbert spaces, tm
extends to a bounded operator on ℓ2 if and only if A∗ (and hence A) is L2-bounded.
So, we finish the proof.
Now, by using the previous result and the following theorem we establish our
discrete version of the Caldero´n-Vaillancourt theorem (see [2, 3]).
Theorem 6 (Caldero´n-Vaillancourt). Let us assume that T is a pseudo-differential
operator on Rn associated with the symbol a. Then, under the condition
|∂ βx ∂
α
ξ a(x,ξ )| ≤Cα ,β (1+ |ξ |)
(|β |−|α |)ρ, 0≤ ρ < 1 (37)
the operator T extends to a bounded operator on L2(Rn).
The Caldero´n-Vaillancourt Theorem is sharp. In fact, this theorem fails when ρ =
1 (see Duoandikoetxea [9], pag. 113). Because pseudo-differential operators are
associated to symbol with a discrete first argument we need the notion of discrete
derivatives. So, we define the partial difference operators ∆ξ j by: ∆ξ jσ(ξ ) = σ(ξ +
δ j)−σ(ξ ), and ∆
α
ξ
= ∆ α1
ξ1
. . .∆ αn
ξn
. For our further analysis we use the following
result (see Corollary 4.5.7 of [28]):
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Lemma 3. Let 0≤ δ ≤ 1, 0≤ ρ < 1. Let a : Tn×Rn →C satisfying
|∂ αξ ∂
β
x a(x,ξ )| ≤C
(1)
aαβm〈ξ 〉
m−ρ |α |+δ |β |, (38)
for |α| ≤ N1 and |β | ≤ N2. Then the restriction a˜= a|Tn×Zn satisfies the estimate
|∆ αξ ∂
β
x a˜(x,ξ )| ≤CaαβmC
(1)
aαβm
〈ξ 〉m−ρ |α |+δ |β |, (39)
for |α| ≤ N1 and |β | ≤ N2. The converse holds true, i.e, if a symbol a˜(x,ξ ) on
Tn×Zn satisfies (ρ ,δ )-inequalities of the form
|∆ αξ ∂
β
x a˜(x,ξ )| ≤C
(2)
aαβm〈ξ 〉
m−ρ |α |+δ |β |, (40)
then a˜(x,ξ ) is the restriction of a symbol a(x,ξ ) on Tn×Rn satisfying estimates of
the type
|∂ αξ ∂
β
x a(x,ξ )| ≤CaαβmC
(2)
aαβm〈ξ 〉
m−ρ |α |+δ |β |. (41)
So, we prove the following result.
Theorem 7 (Caldero´n-Vaillancourt, discrete version). Let us assume that tm is a
pseudo-differential operator on Zn. Then, under the condition
|∂ βx ∆
α
ξ m(x,ξ )| ≤Cα ,β (1+ |ξ |)
(|β |−|α |)ρ, 0≤ ρ < 1 (42)
the operator tm extends to a bounded operator on ℓ
2(Zn).
Proof. Let us define the function a on Tn×Rn by the identity m(n′,ξ ) = a(ξ ,−n′).
Then we have the symbol inequalities
|∂ βx ∆
α
ξ m(x,ξ )| ≤Cα ,β (1+ |ξ |)
(|β |−|α |)ρ, 0≤ ρ < 1. (43)
By Lemma 3, there exists a˜ on Tn×Rn such that a= a˜|Tn×Zn satisfying
|∂ βx ∂
α
ξ a˜(x,ξ )| ≤Cα ,β (1+ |ξ |)
(|β |−|α |)ρ, 0≤ ρ < 1. (44)
By the continuousCaldero´n-Vaillancourt Theorem (Theorem6) the pseudo-differential
operator T on Rn with symbol a˜ extends to a bounded operator on L2(Rn). So, by
Theorem 5 we obtain the ℓ2(Zn)-boundedness of tm. So, we finish the proof.
We end this paper with the following characterization which is a discrete ver-
sion of the Gohberg Lemma proved by Molahajloo, Ruzhansky and Dasgupta (see
Molahajloo [17] and Dasgupta and Ruzhansky [7]).
Theorem 8 (Gohberg Lemma, discrete version). A pseudo-differential operator
tm on Z
n extends to a compact operator on ℓ2(Zn) if and only if
limsup
|n′|→∞
sup
ξ∈Tn
|m(n′,ξ )|= 0. (45)
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Proof. By equation 36, we have
tm = F
−1A∗F , m(n′,ξ ) = a(ξ ,−n′),
where A is the periodic operator associated to a. So, tm is compact on ℓ
2(Zn) if
and only if A∗ (and hence A) extends to a bounded operator on L2(Tn). Now, A is
compact on L2(Tn) (see [7] with G= Tn) if and only if
limsup
|n′|→∞
sup
ξ∈Tn
|a(ξ ,n′)|= 0. (46)
So we obtain
limsup
|n′|→∞
sup
ξ∈Tn
|m(n′,ξ )|= 0. (47)
Thus, we end the proof.
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